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INTERDISCIPLINARY EUROPEAN ACADEMY OF SCIENCES 
 

Séance du Lundi 4 Décembre 2023 
 

La séance est ouverte à 15h00, sous la Présidence de Victor MASTRANGELO  
 

• Étaient présents physiquement nos Collègues membres titulaires de Paris Jean BERBINAU, 
Anne BURBAN, Éric CHENIN, Jean-Félix DURASTANTI, Françoise DUTHEIL, Michel 
GONDRAN, Irène HERPE-LITWIN, Paul Louis MEUNIER, Jean SCHMETS et Jean-Pierre 
TREUIL 

• Étaient excusés physiquement pour raisons de santé nos Collègues Gilbert BELAUBRE et Gilles 
COHEN-TANNOUDJI 

• Étaient connectés à distance nos Collègues Ernesto DI MAURO, Edith PERRIER et Jacques 
PRINTZ 

 
 

Conférence du Dr Philippe GRANGIER : 
 
 

Communications sécurisées avec des variables quantiques continues. 
 

Philippe Grangier 
Laboratoire Charles Fabry, Institut d’Optique Graduate School,  

CNRS, Université Paris-Saclay, Palaiseau, France 
philippe.grangier@institutoptique.fr 

  
Résumé 

Comme on le sait depuis Planck et Einstein au début du 20e siècle, la lumière doit être décrite par la 
physique quantique, et elle possède des propriétés à la fois discrètes et continues. Nous résumerons d'abord 
notre description actuelle de ces propriétés la lumière, et présenterons un outil intéressant pour les 
représenter intuitivement, la fonction de Wigner.  

Une application bien connue de la lumière quantique est la distribution quantique de clés secrètes 
(QKD), ou cryptographie quantique, qui s'est beaucoup développée ces dernières années. Cependant, la 
QKD reste une technologie techniquement exigeante et coûteuse, et plusieurs directions sont actuellement 
explorées pour résoudre ces difficultés. Nous présenterons en détail l'une d'entre elles, la cryptographie 
quantique à variables continues (CVQKD) [1-4], qui est beaucoup plus proche des techniques de 
télécommunication optique standard que la QKD à variables discrètes (DV). En particulier, la CVQKD 
n'utilise pas de compteurs de photons, mais des détections cohérentes (homodynes ou hétérodynes), qui sont 
désormais très courantes dans les systèmes de télécommunications commerciaux à haut débit [4]. 

Finalement, nous présenterons quelques tentatives actuelles de mise en place de réseaux quantiques, qui 
visent à surmonter les pertes de canaux de transmission, notamment par des nœuds de confiance, des 
satellites ou des répéteurs quantiques. Dans une perspective à plus long terme, nous discuterons également la 
possibilité de réaliser des interactions déterministes entre photons individuels [5]. 
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Secure communications with quantum continuous variables. 
 
As it has been known since the beginning of the 20th century, light must be described by quantum 

physics, and it has both discrete and continuous properties. We will first summarize our current description 
of these properties, and introduce a nice tool for representing them intuitively, that is the Wigner function.  

A well-known application of quantum light is quantum key distribution (QKD), which has been 
developing quite a lot in the recent years. However, QKD remains a technically demanding and costly 
technology, and various directions are currently explored to improve on this issue. In particular, we will 
present in details one of them, continuous variable (CV) QKD [1-4], which is much closer to standard 
optical telecommunication techniques than discrete variable (DV) QKD. In particular, CVQKD does not use 
photon counters, but coherent (homodyne or heterodyne) detections, which are now very usual in high-speed 
commercial telecom systems [4]. 

In a last part we will present current attempts towards quantum networks, which aim at overcoming 
channel losses by various ways including trusted nodes, satellites, or quantum repeaters. As a look to the 
future, we will also discuss the possibility to achieve deterministic photon-photon interactions [5]. 

 
 
 
 
 
 

Compte-rendu de la conférence et des échanges qui ont suivi : 

(Compte-rendu	rédigé	par	Abdel	O.	Kenoufi	et	Michel	Gondran) 

 
 



Communications sécurisées avec des variables quantiques continues

Pr. Philippe Grangier

Laboratoire Charles Fabry, Institut d’Optique,

CNRS et Université Paris Saclay

Exposé à l’Académie Européenne Interdisciplinaire des Sciences,

Institut Henri Pincaré, Paris, France

4 décembre 2023

(Compte-rendu rédigé par Abdel O. Kenoufi et Michel Gondran)

Après une présentation du Professeur Philippe Grangier (PG) par le Président de

l’AEIS, M. Victor Mastrangelo, le conférencier commence par citer quelques uns des pro-

jets et partenaires universitaires (CNRS, Institut d’Optique de l’Université Paris-Saclay,

LIP6 de Sorbonne Université, INRIA,. . .), industriels (Nokia Bell Labs, Thales, Ordi-

OKD, . . .) et institutionnels (Région Ile de France, Commission Européenne), dans les-

quels lui et ses équipes sont impliqués. Il présente ensuite le plan de son exposé divisé

en trois parties et propose aux auditeurs de ne pas hésiter à l’interrompre pour poser des

questions.

1. Dans la première partie de l’exposé, PG présente les outils mathématiques pour les des-

criptions discrètes et continues de la lumière quantique et des objets physiques dont il va

parler, en l’occurence les photons.

La description discrète, tout à fait adaptée à l’aspect corpusculaire du photon, se base sur

la décomposition de Fourier du champ électromagnétique et considère chacun des modes

comme un oscillateur quantifiable. Le formalisme mathématique adapté est dit de seconde

quantification, car utilisant les opérateurs de nombre d’occupations d’un mode N̂ = â+â

où â+ et â sont respectivement les opérateurs de création et d’annihilation d’un mode

donné. Cela permet de construire la matrice de l’opérateur de densité, quantité mathéma-

tique centrale pour la physique statistique.

La description continue, quand à elle, est plutôt adaptée à la description ondulatoire

des photons. Elle utilise habituellement une description polaire par les amplitudes et les

phases des ondes, mais le caractère potentiellement multivalué de l’opérateur de phase est

susceptible d’être problématique. C’est pour cela qu’on passe aux opérateurs cartésiens

dits de quadrature X̂ = â+â+
√
2

et P̂ = â−â+

i
√
2

. Ces deux opérateurs ne commutant pas, il ap-

parait nécessairement une relation d’incertitude d’Heisenberg, ce qui implique des préci-

sions inverses sur les mesures de l’une ou l’autre de ces deux observables et donc introduit

nécessairement la notion de probabilités de mesures. C’est pour se représenter ce nuage de

probabilité que PG utilise la fonction de Wigner W (X̂, P̂ ), bien connue en traitement du
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signal, et qui est une fonction génératrice de toutes les fonctions d’autocorrélation spatiale

de la fonction d’onde. Elle n’est rien de moins que la transformée de Wigner-Weyl de la

matrice de densité et est la représentation de cet opérateur dans l’espace des phases. Elle

n’est toutefois pas une distribution de probabilités car elle peut être négative mais permet

de réaliser une véritable tomographie quantique.

A la question d’Eric Chenin sur les coefficients devant ~ dans les relations d’incertitudes,

PG répond que la normalisation des unités enlevait le facteur 1
2 .

PG décrit les dispositifs expérimentaux correspondants à chacune des descriptions :

— Variante discrète basée sur le comptage de photons : APD, VLPC, TES, . . .,

— Variante continue par démodulation basée sur la détection homodyne, c’est-à-dire ba-

sée sur des interférences et des soustractions de courants.

PG continue en exhibant des représentations graphiques de la fonction de Wigner dans

quatre différents cas :

— Gaussienne :

— Etat cohérent |α > (égalité dans l’inégalité large d’Heisenberg),

— Etat comprimé,

— Non-Gaussienne :

— Etat de Fock |N=1 >,

— Etat du "chat" |α > +|−α >.

PG explique ensuite pourquoi ces tomographies quantiques permettent de visualiser grâce

aux représentations de leurs fonctions de Wigner, des "chats" de Schrödinger de deux types

, dont les fonctions d’ondes ne diffèrent que par un facteur de phase et qui sont des com-

binaisons linéaires d’états cohérents :

|Ψ >even= ce
(
|α > +|−α >

)
et |Ψ >odd= co

(
|α > −|−α >

)
avec ce, co ∈ C.

Leur utilité provient du fait qu’ils sont à la base des processus d’informations quantiques,

et des études de la décohérence qui détruit les effets quantiques caractérisés par des oscilla-

tions de la fonction de Wigner. Pour terminer cette première partie, PG explique comment

déterminer la fonction de Wigner d’un "chat" au travers d’une expérience datant de 2007

qui utise des photons dits optiques. Il est à noter que ces "chats" sont donc "observables"

grâce à cette fonction d’autocorrélation et que les expériences les caractérisant ont été ef-

fectuées avant les travaux de Serge Haroche (co-lauréat du Prix Nobel de Physique 2012

pour la manipulation et la mesure de systèmes quantiques individuels), qui utilise par

contre des photons micro-ondes à 40 GHz piégés dans une cavité supra-conductrice à une

température de 100 µK.

A la question de Jean-Pierre Treuil demandant quel est l’équivalent de l’ouverture de la

boîte dans l’expérience du "chat" de Schrödinger, acte qui projette l’état du "chat" en l’état

"vivant" ou en l’état "mort", autrement dit l’action de la décohérence. PG répond que même

lorsqu’on ne décide pas d’observer le "chat", ce dernier se "dégrade" tout seul car bon

2
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nombre de photons se perdent. De plus, pour réaliser la réduction du paquet d’ondes,

une campagne de mesures de la distribution des positions est nécessaire, et cela doit être

réalisé pour chaque quadrature. Ce qui implique d’effectuer des milliers de mesures et

de détections. Le conférencier termine cette première partie en présentant une application

des "chats" micro-ondes dans des cavités pour le calcul quantique réalisée par la start-up

Alice & Bob issue de l’ENS et l’INRIA. Elle se base sur la création de qubits de "chats",

les bien nommés cat-qubits. PG répond par la négative à deux questions, la première de-

mandant si la NASA avait commencé et abandonné la construction d’un ordinateur quan-

tique, la deuxième interrogant sur la possible analogie entre le fonctionnement neuronal

du cerveau humain et l’ordinateur quantique. Il souligne toutefois que seuls IBM, Google

et récemment Amazon s’étaient lancés et continuent leurs recherches dans le domaine de

l’informatique quantique et qu’il n’y a aucuns liens entre le fonctionnement neuronal du

cerveau humain et un ordinateur quantique.

2. La seconde partie de la présentation décrit les deux types de cryptographies quantiques :

variantes discrètes ou continues pour les distributions de clefs quantiques. PG rappelle les

problématiques de base de la cryptographie et l’utilité des échanges sécurisés de clefs chif-

frées et basées sur des algorithmes utilisants la physique quantique pour la transmission

des clefs via la transmission de photons.

Le principe étant d’utiliser les inégalités d’incertitude d’Heisenberg dans le but d’établir

une borne sur l’information manquante/restante au sens d’interceptée, voire volée, ou tout

simplement erronée, afin de reconstituer l’information originelle.

A nouveau, une distinction s’établit sur la méthode utilisée :

— discrète : envois de photons l’un après l’autre et l’information est codée grâce à leurs

polarisations, c’est à dire des bits superposables ou qubits, comme par exemple dans

les protocoles BB84, Decoy State, . . .,

— continue : détection d’états cohérents par quadratures de champs électromagnétiques

avec corrections d’erreurs a posteriori, comme par exemple dans CV-QKD. L’informa-

tion étant codée dans une modulation aléatoire d’amplitude et de phase, la lecture est

effectuée par un choix aléatoire de quadrature pour chaque état cohérent détecté.

Jean-Pierre Treuil et Victor Mastrangelo interrogent sur les éventuelles redondances dans

les clefs trop grandes et l’apparition d’erreurs consécutives. PG répond que des procédures

dites de "hachage" permettent de les minimiser.

PG cite une méthode à variables continues qu’il avait déjà développé quelques années au-

paravant avec son équipe et qui a l’avantage de ne pas utiliser de compteurs de photons,

de systèmes de refroidissement et de détection d’étas cohérents. Il montre ensuite l’ex-

plosion des publications académiques et industrielles dans ce domaine de recherche. Le

conférencier présente l’intérêt de CV-QKD au niveau de la Théorie de l’Information pour

borner l’information manquante/restante. Cette partie se poursuit par une description de

3
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quelques réalisations expérimentales en collaboration avec l’industriel français Thales sur

une distance de 12 kms.

Pour terminer cette partie, PG présente quelques challenges d’ingénieries électroniques

réalisés pour les télécommunications cohérentes particulièrement au niveau de la réduc-

tion des bruits quantiques, des technologies lasers et du traitement rapide de données

(traitement du signal embarqué sur FPGA). Une discussion est engagée sur l’état de la

concurrence commerciale internationale dans ce type de technologies.

3. La dernière partie propose une projection dans le futur où des extensions de ces applica-

tions peuvent être envisagées, notamment sur des interactions entre photons et des pro-

tocoles de communications à longue distance. Une première approche est de créer des

réseaux satellitaires point-à-point sécurisés. PG présente une liste de quelques projets in-

ternationaux allant dans ce sens, en mentionnant les performances de la plupart d’entre

eux.

Une deuxième approche, évitant d’utiliser des satellites et absolument sûre, est basée sur

l’utilisation de répéteurs (mémoires) quantiques basés sur des états intriqués et la télépor-

tation quantique permettant de les transférer, et les rendant ainsi non-interceptables. Idéal

pour la transmission d’une clef ! Cependant, leur réalisation est ardue et pose de nom-

breux problèmes malgré les nombreuses recherches initiées dans le domaine. Afin d’éviter

la perte d’informations, PG explique comment lui et son équipe ont imaginé produire un

état de "Hamlet", ou "chat" intriqué. Cependant, cette approche n’a pas été très fructueuse

expérimentalement. Il termine son exposé par une approche déterministe d’une équipe

française du CNRS et Paris-Saclay utilisant la propagation de qubits photoniques.

Wolfgang Elsäßer demande s’il est possible de remplacer directement les états cohérents

par des états de "chat" afin d’assurer une communication sécurisée. PG répond par l’af-

firmative en suggérant d’utiliser des états intriqués plutôt que des états de "chat". Ceci

étant, l’avantage des états cohérents est qu’ils sont plus faciles à produire. De plus, pour

des raisons de débit notamment, les états cohérents sont très adaptés aux communications

point-à-point, les états intriqués le sont plus pour les répéteurs quantiques.

Une question de Victor Mastrangelo souhaiterait savoir ce qu’utilisent les banques. PG ré-

pond que certains systèmes à variables discrètes sont vendus par des conccurents à des

banques suisses mais que peu d’informations sont disponibles sur le sujet. Cependant, ces

dispositifs servent plus à sécuriser des données confidentielles transmises depuis un site

de sauvegarde (back-up) et une banque.

Eric Chenin interroge la sensibilité de ces systèmes par rapport aux potentiels orages ma-

gnétiques, ou autres. Il cite l’exemple d’un énorme orage magnétique ayant eu lieu dans

les années 1950. PG répond que de grandes compagnies comme Google prennent déjà en

compte le risque dû aux rayons cosmiques.

Abdel Kenoufi demande si des efforts ont été effectués dans le domaine de la miniaturi-

4
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sation ou du moins dans l’intégration et la réduction des dimensions des dispositifs ex-

périmentaux. PG répond que d’importants travaux ont été réalisés pour la cryptographie

quantique au travers de la réalisation de PIC (Photonic Integrated Chipset) dont les gra-

vures peuvent aller jusqu’à l’échelle du millimètre, mais restent difficiles à contrôler. Pour

le calcul quantique, malgré une rude conccurence entre de nombreuses sociétés, dont des

start-up telles Pasqal (dont PG est à l’origine), les dimensions sont celles de systèmes de

quelques centaines d’atomes pouvant effectuer des calculs. D’autres approches comme à

Grenoble, essaient de graver des systèmes sur du Silicium et du Germanium, mais cela

reste cependant difficile pour l’instant. PG cite Thierry Breton qui a lancé un programme

de nano-électronique qui possède un volet Calcul Quantique.

Victor Mastrangelo demande si des systèmes moléculaires biologiques pourraient être des

candidats pour une informatique quantique. PG répond que certaines molécules entrants

dans les processus de photo-synthèse pourraient l’être, mais que cela constitue une voie

de recherche peu explorée à l’heure actuelle.

Dans sa seconde question à PG, Abdel Kenoufi aimerait savoir ce qu’il en est des simula-

teurs quantiques et si la société française ATOS, qui a été dirigée auparavant par Thierry

Breton, actuellement Commissaire Européen en charge entre autres du Numérique, et à

l’origine de nombreux programmes de recherche en technologies quantiques, est impli-

quée dans ces recherches. PG répond que ce ne sont pas des simulateurs quantiques mais

plutôt des émulateurs informatiques simulants le fonctionnement d’un ordinateur quan-

tique. Enfin il termine en expliquant que Thierry Breton a permis à ATOS d’initier et de

continuer à participer aux projets de recherche avec lesquels PG collabore toujours.
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La mesure en mécanique quantique via les interprétations 
 

Michel Gondran 
 
 

Bien qu’au niveau expérimental, les mesures en mécanique quantique aient atteint une précision 
exceptionnelle, on se heurte au niveau théorique à des incohérences entre les postulats et le monde 
macroscopique. Ainsi la fonction d’onde est causale et déterministe et représente toute l’information tandis 
que le résultat de la mesure est statistique. Alors que l’évolution de la fonction d’onde est linéaire et unitaire, 
comment les superpositions quantiques peuvent-elles disparaître au niveau macroscopique ? 
 
L’objectif de la conférence est de montrer qu’il existe des interprétations de la mécanique quantique qui 
permettent de résoudre ces problèmes, mais aussi de rendre la mécanique quantique compréhensive. 
 
On partira du fait expérimental qu’une mesure en mécanique quantique correspond in fine à la mesure de 
l’impact d’une particule sur un détecteur : c'est-à-dire à une position. Cette position est considérée comme une 
variable, cachée alors que c’est en fait la seule variable directement mesurée !  
 
Dans une première partie, nous montrerons qu’il existe deux interprétations de la mécanique quantique qui 
considèrent que la fonction d’onde ne représente pas toute l’information et qu’il faut lui ajouter la position du 
centre de masse.  C’est ce que font l’interprétation de Broglie-Bohm et la théorie de la double échelle, qui 
correspond à un début de formalisation de la théorie de la double solution de Louis de Broglie. 
 
Dans une seconde partie, nous montrerons qu’il existe deux types de mesure selon les variables mesurées : 
pour les variables classiques, comme la masse, la position, la charge électrique ou la quantité de mouvement, 
le résultat de la mesure correspond bien à la valeur de la variable en question. Pour la variable spin, la mesure 
de Stern et Gerlach ne représente pas la valeur du spin (qui est continu), mais le redressement (et non la 
projection) du vecteur spin selon l’axe choisi pour la « mesure » (qui est discrète).  
 
Des simulations numériques d’expériences (fentes de Young, Stern et Gerlach, EPR-B) illustreront ces 
résultats. On montrera que les principales autres interprétations s’expliquent très bien et très simplement dans 
l’approche de la double échelle. 
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Measure in quantum mechanics via interpretations 
 

Michel Gondran 
 
 

Although at the experimental level, measures in quantum mechanics have reached an exceptional precision, 
we still run up at the theoretical level against inconsistencies between postulates and the macroscopic world.  
For instance, the wave function is causal and deterministic, and represents all the information, whereas the 
measure's result is statistical.  While the wave function's evolution is linear and unitary, how can quantum 
superimpositions disappear at the macroscopic level? 
 
The objective of the conference is to show that there exist interpretations of quantum mechanics, which enable 
to solve these problems, and also to make quantum mechanics more comprehensive. 
 
We will start from the fact that a measure in quantum mechanics eventually corresponds to the measure of the 
impact of a particle on a detector: i.e. to a position.  This position is considered as a hidden variable, while it 
is indeed the only variable measured directly! 
 
In a second part, we will show that exist two interpretations of quantum mechanics, which consider that the 
wave function does not represent all the information, and that the position of the mass center must be added 
in.  This is done by the interpretation of de Broglie-Bohm and by the double scale theory, which form a first 
step towards formalizing the theory of the double solution of Louis de Broglie. 
 
In a second part, we will show that there exist two types of measure depending on the measured variables: for 
classical variables, like mass, position, electrical charge or momentum, the measure's result is indeed the value 
of the variable in question.  As to the spin variable, the measure of Stern and Gerlach does not represent the 
value of spin (which is continuous), but the redressement (and not the projection) of the spin vector along the 
axis chosen for the "measure" (which is discrete). 
 
Numerical simulations of experiments (Young's double slit, Stern and Gerlach, EPR-B) will illustrate these 
results.  We will show that the main other interpretations are very well and very simply explained within the 
double scale approach. 
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ABSTRACT. We propose an interpretative framework for quantum
mechanics inspired by Louis de Broglie’s double-solution theory. The
principle is to decompose the evolution of a quantum system into two
wave functions: an external wave function corresponding to the evo-
lution of its center of mass along with other macroscopic degrees of
freedom, and an internal wave function corresponding to the evolution
of its internal variables in the center-of-mass system. These two wave
functions will have different meanings and interpretations.
The external wave function “pilots” the center of mass of the quantum
system: it corresponds to the de Broglie pilot wave. For the internal
wave function, we argue in favor of the interpretation proposed by
Erwin Schrödinger at the Solvay Congress in 1927: the particles are
extended and the square of the module of the (internal) wave function
of an electron corresponds to the density of its charge in space.
RÉSUMÉ. Nous proposons une grille de lecture de la mécanique quan-
tique qui s’inspire de la théorie de la double solution de Louis de Broglie.
Le principe est de considérer l’évolution d’un système quantique sous
la forme de deux fonctions d’onde : une fonction d’onde externe cor-
respondant à l’évolution de son centre de masse et de ces autres degrés
de liberté macroscopique, et une fonction d’onde interne correspondant
à l’évolution de ses variables internes dans le référentiel du centre de
masse. Ces deux fonctions d’onde vont avoir des sens et des interpré-
tations différentes.
La fonction d’onde externe pilote le centre de masse du système quan-
tique : elle correspond à l’onde pilote de Louis de Broglie. Pour la
fonction d’onde interne, nous défendons l’interprétation proposée par
Erwin Schrödinger au congrès Solvay de 1927 : les particules sont éten-
dues et le carré du module de la fonction d’onde (interne) d’un électron
correspond à la densité de sa charge dans l’espace.
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1 Introduction

The fathers of quantum mechanics strongly disagreed at the 1927
Solvay Congress regarding the interpretation of the wave function of
a quantum system. And the debate continues today. Their respective
points of view are recalled below.

Schrödinger’s interpretation. As soon as his equation was defined,
Erwin Schrödinger dreamed of the possibility of building a non-dispersive
wave packet completely representing the particle. This was how he intro-
duced the coherent states of the harmonic oscillator in 1926 [46]: “Our
wave packet always remains grouped, and does not spread over an in-
creasingly large space over time, as do, for example, wave packets that
we are used to consider in optics.” But he fails to address the problem
of the hydrogen atom by finishing his article in this way: “It is certain
that it is possible to construct by a process quite similar to the previous
one, wave packets gravitating on Kepler ellipses at a large number of
quanta and forming the wave image of the electron of a hydrogen atom;
but in this case the difficulties of calculation will be much greater than
in the particularly simple example that we have treated here and which
from this point of view is almost a classroom exercise”. He took up this
interpretation [47] again in 1952 in a debate with the Copenhagen school.

de Broglie’s interpretation. For Louis de Broglie, the double-
solution theory is the true interpretation, which he outlined [17] in 1926
and sought to demonstrate his whole life [18, 20, 19], the pilot wave
he presented at the Solvay Congress in 1927 being only a by-product:
“I was introducing, under the name of "double-solution theory" the idea
that we had to distinguish between two solutions that remain
distinct but intimately related to the wave equation, one that I
called the u wave being a real and non-standard physical wave with a
local accident defining the particle and represented by one singularity,
the other, Schrödinger’s Ψ wave, normalizable and devoid of singularity,
which would only be a representation of probabilities [20] ”.

The 2017 special issue of the Annales de la Fondation de Broglie,
contained a synthesis of recent work on Broglie’s double-solution and its
history over the past 90 years [28, 11, 45] since de Broglie first presen-
ted his ideas in 1927. Non-linear physics occupies an important part of
this work as well as the concept of the soliton, described as a “singular
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and persistent object, [a] materialization in wave form of the corpuscle
concept” which calls for a reassessment of the double-solution program
and offers promising prospects for the reconciliation of quantum theory
with realism [11, 40]. The addition of non-linear terms to the Schrödinger
equation is widely studied.

Of particular note is Thomas Durt’s article [25] which defines a very
interesting double solution à la de Broglie for Schrödinger-Newton’s non-
linear equation.

Our approach distinguishes two wave functions, but differs from
de Broglie’s double-solution insofar as we do not introduce any non-
linearity, the coherent states showing that the concept of soliton also
appears in linear physics. Moreover, the two-level solution we present
is more a distinction in scale (external/internal) than a search for an
underlying non-linear wave equation [45].

Born’s interpretation. In his 1954 Nobel speech, Max Born [7] re-
calls his approach to defining the statistical interpretation of quantum
mechanics: “It was again Einstein’s idea that guided me. He had tried to
make the duality of the waves and particles - light quanta or photons -
comprehensible by considering the square of the light wave amplitudes as
the probability density for the presence of photons. This idea could imme-
diately extend to the function ψ: | ψ |2 should be the probability density
for the presence of electrons (or other particles). It was easy to assert
this. But how can it be demonstrated? The atomic collision processes
made it possible.”

Heisenberg’s interpretation. In contrast to de Broglie and Schrö-
dinger’s search for physical images, Werner Heisenberg presents a formal
framework for quantum theory, theorized as a system of concepts [8]
“The new concept system at the same time yields the intuitive content
of the new theory. From an intuitive theory in this sense we must the-
refore only ask that it be without contradiction and that it be able to
predict unambiguously the results of every conceivable experiment in its
field. Quantum mechanics will be in this sense an intuitive and com-
plete theory of mechanical processes.” Thus, Heisenberg only keeps the
minimal, non-contradictory condition.
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Bohr’s interpretation. For Niels Bohr, the theory is based on the
principle of complementarity [6] with which he hopes to“contribute to
by reconciling the apparently contradictory conceptions defended by dif-
ferent physicists”. He argues that it is possible to express the essence of
the theory using the “quantum postulate” . [...] “This quantum postu-
late implies that any observation of atomic phenomena will involve an
interaction with the agencies of observation; therefore, an independent
reality in the ordinary physical sense can neither be ascribed to the phe-
nomena nor to the agencies of observation. [...] we must regard them as
complementary, but mutually exclusive features of our representation of
the experimental findings.”

Einstein’s interpretation. Albert Einstein summed up this debate
well in one of his final texts (1953), Elementary Considerations on the
Interpretation of the Foundations of Quantum Mechanics in homage to
Max Born: “The fact that the Schrödinger equation combined with the
Born interpretation does not lead to a description of the ’real state’ of a
single system, naturally gives rise to a search for a theory which is free
of this limitation. So far there have been two attempts in this direction,
which share the features that they maintain the Schrödinger equation,
and give up the Born interpretation. The first effort goes back to de
Broglie and has been pursued further by Bohm with great perspicacity
[...] The second attempt, which aims at achieving a "real description"
of an individual system, based on the Schrödinger equation, has been
made by Schrödinger himself. Briefly, his ideas are as follows. The ψ-
function itself represents reality, and does not stand in need of the
Born interpretation....[...] From the previous considerations, it follows
that the only acceptable interpretation of Schrödinger’s equation up to
now is the statistical interpretation given by Born. However, it does not
give the ’real description’ of the individual system, but only statistical
statements related to sets of systems.” [27]

In this paper, we propose an interpretation of quantum mechanics
which attempts to synthesize the two realistic interpretations conside-
red above by Eisntein, that of the de Broglie pilot wave and that of
Schrödinger. This interpretative framework is limited here to massive
and non-relativistic particles.

This interpretation follows our work on the theory of double pre-
paration [32] where we show that there are two types of interpretation
depending on the preparation of the quantum system: the wave fuction
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can either represent a quantum object inside a set of other identical
and indistinguishable quantum objects (such as a particule beam), or it
can represent a single and isolated (therefore necessarily distinguishable)
quantum object. The basic idea is to study the evolution of a quantum
system in terms of the evolution of its center of mass (external evolu-
tion) as well as its internal evolution. The use of the center-of-mass wave
is not new, and has been mentioned very often by many authors. For
example, it is very well explained in the book Atomic Interferometry by
Baudon and Robert [1]: “In the free evolution of an atom or molecule,
the external motion (corresponding to the motion of the mass center R)
and the wave associated with it plays a separate role. Indeed, because of
the separation of the Hamiltonian from the system (in the absence of any
external interaction) in the form: H = T + Hint where T = − ~2

2m MR
is the kinetic energy operator and Hint the part of the Hamiltonian that
involves only variables other than R, there are system states whose wave
function has the form Ψ(R, t)Φint, where Ψ(R, t) and Φint are proper
states of T and Hint respectively. It is on the wave function Ψ of the
external motion, which corresponds to a state of the continuum, that
atomic interferometry will be carried out.” A similar point of view is
adopted by Claude Cohen-Tannoudji in the preface to this book [1]: “A
de Broglie wave is also associated with the movement of the center of
mass of a more complex quantum system, such as an atom or molecule,
composed of several protons, neutrons and electrons. The wavelength of
the de Broglie wave associated with an object of mass M and velocity v
is inversely proportional to the product Mv.”

The approach is the same as in classical mechanics: it consists in
studying the evolution of a system from its external variables such as the
center of mass and its velocity, which correspond to the global motion
of the quantum system, and the internal variables, which correspond
to its motion in the reference frame of the center of mass. We study
how the wave function of the system can be decomposed into two wave
functions: the wave function of its center of mass (external evolution) and
the internal wave function. These two wave functions are of a different
nature and will have different interpretations. We argue in this paper that
the distinction between the two wave functions (internal and external)
is not only a mathematical trick to solve Schrödinger’s equation more
simply but is real: the two wave functions are defined at different scales
and have different physical meanings.
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First, we show that the external wave function corresponds to the
interpretation of the de Broglie-Bohm “pilot wave” (dBB). Indeed, we
demonstrate mathematically that, when ~ → 0, the square of the mo-
dule and the phase of the external wave function converge towards a
density and a classical action verifying the Hamilton-Jacobi statistical
equations. This interpretation of the external wave function by the de
Broglie-Bohm pilot wave provides a physical explanation for the mea-
surement results, both for diffraction and interference experiments as
well as for spin measurements as in the Stern-Gerlach and EPR-B ex-
periments. The reduction of the wave function of the quantum system
is then controlled by the position of the center of mass at the time and
position where the quantum system is captured.

For the internal wave function, several interpretations are possible.
We will study two possibilities of interpretation: that of dBB and the
interpretation proposed by Erwin Schrödinger in 1926 and then at the
Solvay Congress in 1927. He argues that particles are extended and the
square of the module of the (internal) wave function of an electron cor-
responds to the value of the distribution of its charge in space. The
interpretation of the internal wave function is therefore deterministic,
and our two-scale interpretation is also a deterministic theory.

The plan of the article is as follows. In Section 2, we study how the
wave function of a N-body quantum system is decomposed between its
external and internal wave functions. We also present two non-quantum
analogies to better understand the interaction between external and in-
ternal wave functions. In Section 3, we demonstrate mathematically,
by studying convergence towards classical mechanics, and experimen-
tally, by simply explaining measurement in quantum mechanics, that
the most plausible interpretation of the external wave function is that
of de Broglie-Bohm “pilot wave”. In the appendices, we give three case
studies where only the external wave function is considered: atomic inter-
ferometry, spin measurement, and the EPR-B experiment. In Section 4,
we propose an interpretation of the internal function corresponding to
the Schrödinger interpretation. Finally, in conclusion, we show that this
two-scale interpretation clarifies debates on the interpretation of quan-
tum mechanics and suggests the need to review the relationships between
gravity and quantum mechanics.
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2 External and internal wave functions

From the beginning of quantum mechanics, two types of variables
have been distinguished for studying atomic or molecular dynamics: in-
ternal and external variables. The external variables concern the external
dynamics of the atom, i.e. the movement of its center of mass and the
orientation of the frame of reference linked to it. Internal variables des-
cribe, for example, the evolution of the structure of the atom or molecule.

An external variable of a massive object is a characteristic that
emerges at the scale of its center of mass. For exemple, mass, charge, elec-
tric/magnetic dipole moments or spin are external variables. Moreover,
all external variables also have an internal description. The mass of a
molecule is the sum of the masses of its components. The same is true
for electrical charge. The 1/2-spin of an atom with an odd number of nu-
cleons comes from the 1/2-spin of its electron from its last shell. Internal
variables do not occur on a higher level such as the spacial configuration
of a molecule or the energy states configuration of electrons of an atom.

These internal and external degrees of freedom are not independent
in general. The interactions between internal and external variables are
indeed at the basis of the manipulation of atoms, in particular their
cooling [15].

Depending on the experimental conditions, these interactions vary
in size, making the decomposition of the total wave function into an
external wave function and an internal wave function more or less ap-
proximated. Let us start by studying the case of a N -body system where
this decomposition proves to be accurate.

2.1 Decomposition of a N-body system such as an atom or molecule

Let us consider a system of N particles without spin, with masses
mi and coordinates xi, subjected to a linear potential field Vi(xi) =
mig.xi, and to mutual interactions described by the potentials Uij(xi −
xj). This quantum system is therefore described by the wave function
Ψh(x1,x2, ...,xN , t), which satisfies the Schrödinger equation:

i}
∂Ψh(x1,x2, ..,xN , t)

∂t
= HΨh(x1,x2, ..,xN , t) (1)

with the Hamiltonian:

H =
∑
i

(
p2
i

2mi
+ Vi(xi)

)
+
∑
ij

Uij(xi − xj), (2)
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and the initial condition:

Ψh(x1,x2, ..,xN , 0) = Ψh
0 (x1,x2, ..,xN ). (3)

The movement of these N particles is separated from the move-
ment of their center of mass as in classical mechanics: Let xG =
(
∑
imixi)/(

∑
imi) be the position of the center of mass, x′i = xi − xG

the position of the particle i relative to the barycenter xG, M =
∑
imi

the total mass, x′G = (
∑
imix′i)/(

∑
imi) = 0 the internal coordinates of

the center of mass. Then the Hamiltonian H is written according to the
total impulses (pG =

∑
i pi) and relative impulses (p′i = pi − mi

M pG):

H =
p2
G

2M
+Mg.xG +

∑
i

p′2

2mi
+
∑
ij

Uij(x
′
i − x′j) = Hext +Hint, (4)

with Hext :=
p2
G

2M + Mg.xG and Hint :=
∑
i

p′2
2mi

+
∑
ij Uij(x

′
i − x′j),

and there is no interaction between internal and external parts of the
Hamiltonian.

Proposition 1 - If the initial wave function Ψh
0 (x1,x2, ..,xN ) is facto-

rized in the form:

Ψh
0 (x1,x2, ...,xN ) = Ψh

0 (xG)ϕh0 (x′1,x
′
2, ...,x

′
N ), (5)

then Ψh(x1,x2, ..,xN , t), a solution to (1),(2) and (3), is written as the
product of an external wave function ψh(xG, t) and an internal function
ϕh(x′1,x′2, ..,x′N , t):

Ψh(x1,x2, ..,xN , t) = ψh(xG, t)ϕh(x′1,x
′
2, ..,x

′
N , t) (6)

where Ψh(xG, t) is the solution to Schrödinger’s external equations:

i}
∂Ψh(xG, t)

∂t
= − ~2

2M
4xGΨh(xG, t) +Mg.xGΨh(xG, t) (7)

with the initial condition:

Ψh(xG, 0) = Ψh
0 (xG) (8)

and where ϕh(x′1,x′2, ..,x′N , t) is the solution to Schrödinger’s internal
equations:

i}
∂ϕh(x′1,x′2, ..,x′N , t)

∂t
=−

∑
i

~2

2mi
∆x′iϕ

h(x′1,x
′
2, ..,x

′
N , t)

+
∑
i,j

Uij(x
′
i − x′j)ϕ

h(x′1,x
′
2, ..,x

′
N , t) (9)
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with the initial condition

ϕh(x′1,x
′
2, ..,x

′
N , 0) = ϕh0 (x′1,x

′
2, ..,x

′
N ). (10)

The proposal is obtained simply by replacing in the Schrödinger
equation (1), Ψh(x1,x2, ....,xN , t) by ψh(xG, t)ϕh(x′1,x′2, ...,x′N , t). This
yields: (

i}
∂

∂t
−H

)
Ψh(x1,x2, ..,xN , t)

= ψh(xG, t)
[(
i}
∂

∂t
−Hint

)
ϕh(x′1,x

′
2, ..,x

′
N , t)

]
+ϕh(x′1,x

′
2, ..,x

′
N , t)

[(
i}
∂

∂t
−Hext

)
ψh(xG, t)

]
= 0.

The decomposition of the total wave function as the product of an ex-
ternal wave function and an internal wave function is due to the exact
decomposition of the Hamiltonian into its external and internal parts.

The fundamental property of the external wave function of a quantum
system is that it can spread over time in space and be divided into several
parts (see the interference experiment in Appendix A). It can be very
large. On the contrary, the internal wave function of a system remains
confined in space, it does not spread and cannot divide without changing
the nature of the system; this is what happens during ionization, nuclear
fission or chemical reaction. The size of the internal wave function is the
size commonly given for an atom or molecule and is often much smaller
than the size of the external wave function (i.e. the width of the wave
packet) as we will see in the examples in Section 3.

When the quantum system is not composed of several particles but
corresponds to an elementary particle such as a free electron, it can also
be associated with an internal wave function and an external wave func-
tion. Its external wave function is the wave function usually associated
with an electron coming out of an electron gun of an electron micro-
scope or a tungsten tip of a scanning tunnel microscope. Although many
physicists consider electrons to be material points, Schrödinger proposes
to consider them as electronic clouds with a continuous charge distri-
bution. The internal wave function of a free electron is not known but
could correspond to Schrödinger’s electronic cloud.
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Remark 1 - The role of gravity - The independence between the
external and internal Hamiltonians of proposition 1 comes in part from
the very special form of the linear gravitational potential Vj(xj) that
depends linearly on the productmjxj, which yields

∑
j Vj(xj) = Mg. xG.

Indeed, it is assumed that the gravitational field is constant at the scale
of the particle. In addition, with the linear potential Vj(xj) = mjg.xj,
gravity is transferred exactly to the external wave function.

In the general case of a N -body quantum system, there is interaction
between the external and internal Hamiltonians due to the role of the
environment, and the external equations of Schrödinger (7) and (8) and
internal variables of Schrödinger (9) and (10) are only approximated.

As many authors have already pointed out [35], the factorization of
the wave function into different variables implies a physical independence
of these variables. When the wavefunction is nonfactorizable, we said
that the system is entangled. In this paper, only the simplest case, where
the internal and external degrees of freedom of a quantum system are
independent, is studied. The interest of the simple case study is to show
clearly the very important differences of interpretation between internal
and external wave functions (cf. sections 3 and 4). The factorization
of the internal and external variables is not only a mathematical trick
but separates two different scales of magnitude and gives two different
physical meanings to the wave function. However, there are many cases
where the internal and external degrees of freedom are entangled; these
more complex cases remain to be studied. In this article, we focus on
understanding the two scales separately from each other. In future work,
we will study the interactions between these two scales. An example of
interaction between the two scales is the repercussion on the center of
mass of transitions between internal energy levels after the absorption or
emission of a photon. This has already been taken into account by the
quantum Monte Carlo simulation introduced by Dalibard, Castin and
Molner. [16].

Let us consider the case when it is assumed that each particle i admits
a charge qi and is also subjected to an electrical potential qiVq(xi) that
varies little on the scale of the quantum system: Vq(xi) ∼ Vq(xG). Under
this assumption, the external field applying to the external wave function
is written approximately:

V (xG) = Mg.xG +
∑
i

qiVq(xi) 'Mg.xG +QVq(xG) (11)
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with Q =
∑
i qi. We then consider a generalization of Schrödinger’s ex-

ternal equation (7) by replacingMg·xG by V (xG). The solution obtained
will no longer be accurate, but will be a good approximation if the quan-
tum system is not too shaken and remains stable during its evolution.
This will no longer be the case if it disintegrates. The case where there is
an external magnetic field is taken into account in Appendices B and C
for the Stern and Gerlach and EPR-B experiments.

Remark 2 - the N individual functions of a N-body system - In
addition to the external and internal wave functions associated with a N -
body system, each of the N individual particles in the system must also be
associated with an individual internal wave function. In the general case,
individual functions are not accessible because they are entangled with
other individual functions. A simple case will be proposed in section 4.2.

We can certainly generalize the external wave function to mesoscopic and
macroscopic quantum systems that are neither atoms nor molecules. An
example of the entangled external wave function from two individual ex-
ternal wave functions is given in Appendix C for the EPR-B experiment.

2.2 Preparation of an internal wave function or an external wave func-
tion depending on the experiments

In many studies, knowledge of the quantum system does not corres-
pond to a total wave function but only to an external wave function or
an internal wave function. In particular, only the external wave function
is considered for all measurement problems that are primarily related to
the measurement of the position of the center of mass, namely cases of
atomic interferometry, spin and energy measurements.

The internal wave function will explain the values related to the
energy spectrum and quantum jumps, but they will be measured by
position measurements via an external wave function. Thus in the de-
bates of the 1927 Solvay Congress, de Broglie, with “the pilot wave”, and
Born, with ‘the statistical wave”, implicitly considered the external wave
function, while Schrödinger, with the coherent states [46], and Heisen-
berg, with its matrix representation of the transitions of the hydrogen
atom, implicitly considered the internal wave function.

2.3 Classical external and internal analogies

We have just seen that there is not always a simple relationship bet-
ween the total wave function of a quantum system and the external and
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internal wave functions. The case of a simple product as in Proposition 1
is exceptional. In general, external variables influence internal variables
and vice versa. The following two non-quantum analogies are instructive
when it comes to understand the types of interaction between the exter-
nal and internal wave functions: the analogy with Couder’s walkers and
the analogy with the solar system.

2.3.1 Analogy with Couder’s “walkers”

The wave-particle duality seems to be a characteristic of the quantum
world, having no equivalent in classical physics. Yves Couder and his
team [13, 14] have shown “that a drop bouncing off a vertically vibrating
liquid surface can become self-propelled by its interaction with the surface
wave it excites”. The drop couples to the surface waves that its bounces
generate and spontaneously moves on the surface. The resulting object,
called a “walker”, combines the drop and its surface waves, possesing a
dual nature that enables it to perform many of the textbook quantum
experiments: Young’s slits [12], tunnel effect [26], quantized orbits [29].

Even if the walkers studied by Couder and his team present fun-
damental differences with the quantum case (system maintained by vi-
bration, no Planck constant, existence of waves on a material medium),
they show us that the wave-particle duality exists at the macroscopic
level. The deformations of the drop during bounces constitute its inter-
nal evolution. The external evolution of the drop, i.e. its center of mass,
is governed by the surface wave it creates during each bounce and the
vibrating liquid exterior.

2.3.2 Analogy with the solar system

To study the evolution of a planet in the solar system, we break down
the problem into two sub-problems: 1) the evolution of the center of mass
of this planet (external evolution) for which the planet is reduced to a
point, its center of mass. 2) the internal evolution of the planet in the
reference frame of its center of mass, which takes into account the fact
that the planet is not a point but has a gaseous and/or solid structure and
possibly a rotational movement on itself. These two developments can
be treated separately in the first approximation. But depending on the
experimental conditions of each planet, we can observe significant effects
of external evolution on the internal evolution; for example, terrestrial
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tides due to solar attraction slightly deforming the solid structure of the
Earth and slowing down the Earth’s rotation on itself.

For a quantum system, we observe the same decomposition, an ex-
ternal evolution and internal evolution. We therefore have two functions:
an external one that describes the evolution of the center of mass and
an internal one defined in the reference frame of the center of mass.

However, depending on the experimental conditions, we will focus
only on external variables or only on internal variables. This was the
methodology we applied in the double-preparation theory [32]. In many
experiments, it is indeed possible to separate these two wave functions.
This is the case, for example, of free particles such as in the Young or
Stern and Gerlach or EPR-B experiments where only the external evo-
lution of particles (i.e. the evolution of the particle’s center of mass) is
studied, internal evolution being neglected. On the other hand, if we
study the emission lines of a gas, only the internal evolution of gas par-
ticles is studied, external evolution being neglected.

3 Interpretation of the external wave function

To interpret the external wave function, we will study how it evolves
when the Planck constant goes to zero: ~ → 0. Indeed, we show that,
in this case, the wave function converges to the Hamilton-Jacobi action.
However, in classical mechanics, the Hamilton-Jacobi action is not suffi-
cient to determine a trajectory, we must complete the description of the
system by adding the initial position of the center of mass. In quantum
mechanics, the dBB theory proceeds from the same logic and completes
the description of the system by also adding the initial position of the
center of mass. The dBB theory is therefore logically applicable to the
external wave function. The Hamilton-Jacobi action pilots the particle
in classical mechanics as the wave does in quantum mechanics.

We consider the semi-classical variable change:
Ψh(xG, t) =

√
ρ~(xG, t) exp(iS

~(xG,t)
~ ), the density ρ~(xG, t) and the

action S~(xG, t) being functions that in principle depend on ~.
Schrödinger’s external equations (7) and (8) are decomposed by gi-

ving the Madelung equations [38] (1926), which correspond to two cou-
pled equations:

∂S~(xG, t)

∂t
+

1

2M
(∇S~(xG, t))

2 +V (xG)− ~2

2M

4
√
ρ~(xG, t)√
ρ~(xG, t)

= 0 (12)
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∂ρ~(xG, t)

∂t
+ div

(
ρ~(xG, t)

∇S~(xG, t)

m

)
= 0 (13)

with the initial conditions:

ρ~(xG, 0) = ρ~0(xG) and S~(xG, 0) = S~
0 (xG). (14)

Here, V (xG) is a general potential as in the case of equation (11). In
this section we study the convergence of the density ρ~(xG, t) and of the
action S~(xG, t) of the Madelung equations when the Planck constant ~
goes to 0.

We will limit ourselves to what we referred to as [32] quantum sys-
tems that are prepared as “nondiscerned”, i.e. such that the initial pro-
bability density ρ~0(xG) and the initial action S~

0 (xG) of the external
wave function are the functions ρ0(xG) and S0(xG), independent of ~
(ρ~0(xG) = ρ0(xG) and S~

0 (xG) = S0(xG)). This is the case of a set of
particles without interaction between them and prepared in the same
way: beams of free particles or in a gravity field as in the Shimizu [48]
experiment with cold atoms, or beams of fullerenes in a Young’s slits
experiment (Appendix A).

THEOREM 1 [32]- When ~ → 0, density ρ~(xG, t) and action
S~(xG, t), the solutions to the Madelung equations (12-14) of quantum
systems prepared as nondiscerned, converge to ρ(xG, t) and S(xG, t), the
solutions to statistical Hamilton-Jacobi equations:

∂S (xG, t)
∂t

+
1

2m
(∇S(xG, t))2 + V (xG) = 0 (15)

S(xG, 0) = S0(xG) (16)

∂ρ (xG, t)
∂t

+ div

(
ρ (xG, t)

∇S (xG, t)
m

)
= 0 (17)

ρ(xG, 0) = ρ0(xG). (18)

Thus, if the external wave function is prepared as non-discerned,
the Madelung equations of this external wave function converge to the
Hamilton-Jacobi statistical equations. These statistical Hamilton-Jacobi
equations correspond to a set of classical particles, without interaction
between them and subjected to an external potential field V (x), and for
which only the probability density ρ0 (x) and the velocity field v0(x) are
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known at the initial moment due to knowledge of the initial action S0(x)

(v0(x) = ∇S0(x)
m ). These non-discerned classical particles are prepared

in the same way as non-discerned quantum particles. The velocity of the
center of mass of the classical particle is given in each point (x,t) by:

v (x,t) =
∇S (x,t)

m
(19)

Equation (19) shows that the S (x,t) of the Hamilton-Jacobi equa-
tions (15) defines the velocity field at any point (x, t) from the speed
field ∇S0(x)

m to the initial moment. So, if we define the initial position
xinit of the center of mass of a classical particle, we deduce by (19) the
trajectory of the particle’s center of mass. The Hamilton-Jacobi action
S (x,t) is therefore a field that “pilots” the movement of the classical
particle.

The indetermination on the position of the center of mass of a quan-
tum system therefore corresponds to the indetermination on the position
of the center of mass of a conventional system of which only the initial
distribution density has been defined. Like the Hamilton-Jacobi action
for a clasical particle prepared to be non-discerned, the external wave
function of a quantum system is not sufficient to define the position of
the center of mass of the quantum system; it is necessary to add its ini-
tial position and it is therefore natural to introduce the de Broglie-Bohm
trajectories for the center of mass of a quantum system. Its speed at the
moment t is given by [17, 3]:

v~(xG, t) =
∇S~(xG, t)

m
(20)

which satisfies the continuity equation (13).

Remark 3 - Convergence from ~ to 0 - In the theorem 1, we assume
that ~ → 0. However, physically ~ is never equal to 0 and cannot tend
towards 0 since it is a constant and more generally we never have a
trajectory that can be called classic. All trajectories are quantum and the
so-called classical trajectories are approximations of quantum trajectories
for which the term in ~ is negligible compared to the other terms. A very
simple example is that of a quantum object defined by a Gaussian wave
packet of center (x0, y0, z0) and standard deviation (σ0x, σ0y, σ0z) with a
center of mass at the initial position (xG(0), yG(0), zG(0)) and the initial
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speed v0 = (v0x, v0y, v0z). If g = (0, 0, g) is the only external force, then
the particle’s center of mass satisfies the following dBB trajectory [35,
31]:

Xh(t)=xG(0) + v0xt+ (x0 − xG(0))

(
1− σ~x(t)

σ0x

)
(21)

Y h(t)=yG(0) + v0yt+ (y0 − yG(0))

(
1− σ~y(t)

σ0y

)
(22)

Zh(t)=zG(0) + v0zt−
gt2

2m
+ (z0 − zG(0))

(
1− σ~z(t)

σ0z

)
(23)

with σ~i(t) = σ0i

√
1 +

(
~t

2mσ2
0i

)2

and i = x, y, z. We verify that this

dBB trajectory tends towards the trajectory we call classic (or Newton’s
trajectory) and the same starting point when we had ~ tend to 0. In
reality, it is not ~ that tends towards 0, but the last term of the three
equations that is negligible compared to the other terms if we consider a
classical object as a stone, whereas if the object is an electron, an atom
or a molecule, this term is not necessarily negligible. We observe that if
m, the mass of the object increases, then the situation is the same as if
~ decreases. It is these trajectories that we used to simulate Shimizu’s
experiment [48] on Young’s slits with cold atoms; we thus showed [31]
why such atoms with different wave functions were coherent enough to
interfere.

Proposition 2 - Let us consider a set of quantum particles defined by
a Gaussian wave packet in a constant gravity field as in remark 3. If the
centers of mass of these particles follow the dBB trajectories, then ∆x(t)
and ∆px(t), repectively the uncertainty in x on the position and on the
momentum of the center of mass of these particles at time t, satisfy the
Heisenberg inequalities:

∆x(t).∆px(t) =
~
2

σ~x(t)

σ0
>

~
2

(24)

By designating x(t) = x0 +v0xt the trajectory of the center of the exter-
nal wave packet in x , we verify that (∆x(t))2 = 〈(x − x(t))2〉 =

∫
(x −

x(t))2(2πσ2
~x(t))−

1
2 e
− (x−x(t))2

2σ2
~x(t) dx = σ2

~x(t) and (∆px(t))2 = 〈(mv~x(x, t)−
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mv(t))2〉 = 〈( ~4t2

16m2σ4
0σ

2
~(t)

(x−x(t))2〉 = ~2

4σ2
0
[35]. The proposition is dedu-

ced from this and clearly leads to interpret Heisenberg’s inequalities for
the external wave function as uncertainty relationships. In this case,
the meaning of Heisenberg’s inequalities is that there is no source point
for a particle. Only wave packets have a physical reality. The intrepre-
tation of Heisenberg’s inequalities will not be the same for the internal
wave function!

In appendices, we give three cases studies where only the external
wave function is considered: atomic interferometry, spin measurement,
and the EPR-B experiment. Indeed, in many studies, knowledge of the
internal wave function is not necessary and can therefore be neglected.
This is the case of particle beams with no interactions between them that
we find in many experiments: diffraction, interference, spin measurement.
This is particularly the case for all measurement problems, which are
most often related to the measurement of the position of the center of
mass.

4 Schrödinger’s interpretation of the internal wave function:
quantum chemistry

For the internal wave function, the interpretation is more open:
should we take the dBB interpretation? Or the interpretation proposed
since 1926 by Schrödinger. We will first consider the latter interpreta-
tion, which is little known, before examining the dBB interpretation at
the end of the section.

First in 1926, then at the Solvay congress in 1927 and finally in
1952 [47] during a strong controversy with the Göttingen-Copenhagen
school, Schrödinger proposed an interpretation of the wave function that
was both realistic and deterministic, as reported by Born in his 1954 No-
bel lecture [7]: “Schrödinger thought that his wave theory made it possible
to return to deterministic classical physics. He proposed (and he has re-
cently [47] emphasized his proposal anew) to dispense with the particle
reprentation entirely, and instead of speaking of electrons as particles, to
consider them as continuous density distributions |psi|2 (or electric den-
sity e|ψ|2).” One can understand the criticisms of such an interpretation
for the total wave function, but the arguments against it are no longer
valid a priori for the internal wave function. The most important cri-
ticism related to the contradiction between what Schrödinger considers
to be the most important: “the particles are narrow wave packets” and
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the fact that the external function spreads over time as Born points out
further on in his Nobel speech.

The great difficulty in defining a reliable interpretation of the internal
wave function of a quantum system of N particles is that the internal
wave function is defined in the space of 3N dimension configurations
and no explicit solutions are known. However, we will use two specific
examples of a single particle, the harmonic oscillator and the electron
in the hydrogen atom as Schrödinger did, and then we will propose a
generalization to the N -particle case.

4.1 Schrödinger’s interpretation of the internal wave function for a
single particle

The objective of Schrödinger’s 1926 article, “The continuous tran-
sition from micro-to macro-mechanics” [46], is to “demonstrate in
concreto [for this chosen case of the harmonic oscillator] the transi-
tion to macroscopic mechanics by showing that a group of proper vibra-
tions of high order-number n (’quantum number’) and of relatively small
order-number differences (’quantum number differences’) may represent
a ’particle’, which is executing the ’motion’, expected from the usual me-
chanics, i.e. oscillating with the frequency ν0.”

He considers the classic problem of the Hamiltonian harmonic oscil-
lator in dimension 1, H =

p2
x

2m + 1
2mω

2x2. He then looked for the solution
to the Schrödinger equation in the case of a particular initial condition
that can be written today as:

Ψh
0 (x) = (2πσh)−

1
4 e
− (x−x0)2

4σ2
h (25)

with σh =
√

~
2mω and x0 � σh. It shows [46] that this initial wave packet

corresponds to a small number of proper functions ϕn of the harmonic
oscillator around the value n ∼ 1

2 ( x0

σh
)2. We then obtain the coherent

state:

Ψh(x, t) = (2πσh)−
1
4 e
− (x−x(t))2

4σ2
h

+i
mv(t)x

~ (26)

where x(t) = x0 cosωt and v(t) = −x0ω sinωt correspond to the position
and velocity of the center of mass of a classical particle. The coherent
state is therefore based on two scales, one of the classical type with x0

and one of the quantum type with σh, which corresponds to the size of
the wave packet and oscillates with its center of mass without changing
shape.



External and internal wave functions 105

When ~→ 0, the density ρ~(x, t) =
(
2πσ2

~
)− 1

2 e
− (x−x(t))2

2σ2
~ (depending

on ~) converges to ρ(x, t) = δ(x − x(t))), i.e. converges to the position
of a single classical oscillator. This result on the internal wave function
differs from theorem 1, which concerned the external wave function. Ac-
cording to Schrödinger’s interpretation, the internal wave function cor-
responds to an extended particle of a single quantum system. Therfore,
the coherent state of the 1D harmonic oscillator satisfies the Heisenberg
equation of an extended particle:

∆x(t).∆px(t) =
~
2

(27)

It corresponds to an equality related to the indetermination on the po-
sition and momentum of an extended particle. It is thus an indeter-
mination equation. It is recalled that for the coherent state of a two-
dimensional harmonic oscillator, the quasi-classical trajectory is an el-
lipse.

The extension of this interpretation to the electron in the hydrogen
atom is done by Schrödinger in 1926: “It is certain that we can build
wave packets gravitating on Kepler ellipses at a large number of quanta
and forming the wave image of the electron of a hydrogen atom”. [46].
In this context, the Born rule that state the square of the magnitude
of a particle’s wavefunction at a given point |Ψ(x, t)|2 is proportional
to the probability density of finding the particle at that point x at the
time t is no longer valid and must by replace by what we call below the
Schrödinger’s conjecture of 1926.

Conjecture 1 - Schrödinger’s conjecture: The square of the ma-
gnitude of a particle’s internal wave function |Ψ(x, t)|2 represents the
continuous density of matter and electrical charge of the extended parti-
cule.

We will see that this conjecture can be based on the analogy with
the coherent states of the harmonic oscillator for the wave function of an
electron in a Rydberg state. We still give ourselves two more scales,
the Bohr radius a0 and a very large radius a � a0. We then look
for a wave packet corresponding to a small number of proper functions
Ψn,l,m(r, θ, ϕ)e−i

Ent
~ of the hydrogen atom around the value n ∼

√
a
a0
.

It was not until 1995 that Schrödinger’s 1927 prediction was ful-
filled for an electron in a Rydberg state. Bialynicki-Birula [36], Kalinski,
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Figure 1 – Coherent wave packet of hydrogen atom, from the image
of [9]. This internal wave function corresponds to a banana-shape exten-
ded electron revolving around the proton.

Eberly, Buchleitner and Delande [9] presented the first constructions of a
non-dispersive wave packet in dimension 3 for the hydrogen atom in the
presence of a circularly polarized microwave field.”By passing through the
rotating reference frame, the system becomes independent of time and a
stable fixed point is located at a finite distance from the nucleus along the
axis of the microwave electrical field. In the laboratory reference frame,
it corresponds to a Bohr circular orbit passed throught at a constant an-
gular velocity equal to that of the microwave; this orbit is the center of
the resonance island. In its vicinity, it is possible to build quantum wave
packets that rotate around the nucleus without being distorted. These
wave packets are not Gaussian, but totally non-dispersive.” [21]. These
non-dispersive wave packets correspond to periodic trajectories and are
eigenvectors of the Floquet operator.

We note that these wave packets do not correspond to the usual so-
lutions of quantum mechanics textbooks, which are stationary solutions
of the electron and not wave packets located on a periodic trajectory.

Figure 1 shows such a packet of waves, in a banana shape, calculated
in a frequency field of about 30 Ghz with a main quantum number
n = 60. The package is at about 4,000 Bohr radius of the nucleus and
revolves around it in the horizontal plane without deforming.

Non-dispersive waves were successfully formed in experimental condi-
tions for the first time in 2004 by Maeda and Gallagher [39], with the
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observation of a life cycle greater than 15,000 periods of the field, compa-
red to the 10 periods observed in the absence of a field for the dispersion
of the wave packet.

Remark 4 - Wave packets with or without a periodic field - The
numerically simulated wave packets in 1995 and those made experimen-
tally in 2004 are created and maintained thanks to the presence of a
periodic external field. One could therefore refute the conclusion of the
existence of periodic wave packets without the presence of this external
field. However, as Maeda and Gallagher point out, the field has no in-
fluence on the existence of periodic wave packets without deformation,
but only on the number of periods without dispersion.

As Schrödinger had noted, these dynamic wave packets are difficult
to determine because there is no analytical representation of them. But
we can analytically calculate the dynamics of the center of mass of these
states using the Floquet and Ehrenfest theorems.

Thus, for a bound particle such as the electron in the hydrogen atom,
Schrödinger’s interpretation restricted to the internal wave function is
considered valid: it is as if the electron were an electronic cloud with a
charge density of ρint = e|ϕ(x, t)|2. This interpretation of the internal
wave function is extended to free particles.

This is the conclusion Schrödinger drew at the Solvay congress in
1927:

“I found the following way of looking aat things useful; it may be a
little naïve but it is easy to grasp. The classical system of material points
does not really exist, but there is something that continuously fills all the
space [...] the real system is a composite image of the classical system
in all its possible states, obtained by using φφ∗ as a ’weight function’.
The systems to which the theory is applied are classically composed of
a large number of charged material points. As we have just seen, the
charge of each of these points is distributed continuously through space
and each charge point e provides the contribution of the e

∫
φφ∗dxdydz

to the charge of the quarterly volume element dxdydz. As φφ∗ generally
depends on time, these charges vary”.

4.2 Schrödinger’s generalized interpretation of the internal wave func-
tion

Let us consider a N -body quantum system. The evolution of the
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quantum system is then given by Schrödinger’s equation which calcu-
lates the internal wave function Ψ(x1,x2,x3, ....,xN , t) from its initial
condition Ψ0(x1,x2,x3, ...,xN ).

To generalize Schrödinger’s interpretation to cases of a N -body quan-
tum system, we consider the following conjecture 2:

Conjecture 2 - Schrödinger’s generalized conjecture:

For a N -body quantum system, it exists for each body j (∀j = 1..N)
an individual wave function Ψj(x, t) and |Ψj(x, t)|2 represents the den-
city of matter of the body j.

The meaning of the magnitude for the external wave function is given
by the Born rule (and observed experimentally), but for the internal wave
function, this conjecture gives a different meaning: the magnitude for the
internal wave function represented the spatial extension of a N -body
quantum system.

Then, the position of the center of mass of the particle j (j = 1..N)
is:

Xj(t) =

∫
x |Ψj(x, t)|2dx (28)

Figure 2 is a topography of a carbon nanotube observed with a tun-
neling microscope; This image can be considered as a 2D representation
of the nanotube’s internal wave function. In the Figure, the red dots
correspond to the individual internal wave functions of carbon atomic
nuclei. In addition, the electrons of the carbon atoms that ensure the co-
hesion of the nanotube into a single object also have individual internal
wave functions.

We now provide some additional arguments in favour of this genera-
lized Schrödinger interpretation for the internal wave function:

— This is the simplest realistic interpretation for the internal wave
function. The usual criticism (the measurement problem) is no
longer valid because it is only intended for the interpretation of
the external wave function.

— This interpretation is the basis of the model of the elastically
bound electron.

— This interpretation is compatible with the Lorentz and Poincaré’s
extended and deformed electron model[44].
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Figure 2 – Carbon nanotube observed with a tunneling microscope
(STM) [source: Taner Yildirim (The National Institute of Standards and
Technology - NIST) - Public Domain].

— The first theorem of Hohenberg and Kohn [34], which is the foun-
dation of the theory of functional density and which stipu-
lates that a given electron density corresponds to a single wave
function, is basically compatible with Schrödinger’s interpretation
of the internal wave function. The kinetic energy of electrons is
then approximated as an explicit functional of density, while the
contributions of core-electron attraction and electron-electron re-
pulsion are treated in a classical way.

— The theory of the double solution with Schrödinger’s interpreta-
tion is therefore also fundamentally compatible with the metho-
dology of molecular dynamics.

— Let us finish with the recent experiment (2019) by Minev, De-
voret et al. [41] on “the jump from the fundamental state to an
excited state of a three-level superconducting artificial atom”. She
seems to concur with Schrödinger in his 1952 discussion with the
Copenhagen-Göttingen school on quantum jumps, because “the
experimental results show that the evolution of each jump per-
formed is continuous, coherent and deterministic”. As Devoret
explains: “Our experimental results show that quantum jumps are
unpredictable and discrete (as Bohr thought) over long periods of
time, they can be continuous (as suggested by Schrödinger) and
predictable for a short period of time”. This is the case because,
just before a jump occurs, there is always a latency period (a
few microseconds) during which it is possible to acquire a signal
that alerts you to the next jump. These continuous and deter-
ministic transitions are consistent with Schrödinger’s generalized
interpretation. The same should apply to operators of continuous
and deterministic creation and annihilation.
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Remark 5 - Neglected external wave function - The state of the
transitions of the internal wave function are measured indirectly via the
energy of the emitted particles (photons, electrons). This is the case
for spectral measurements of atomic vapour lines (e.g. Balmer lines or
Franck and Hertz experiments) or Dehmelt quantum jump experiments
(fluorescence on a single three-level ion) and Minev and Devoret. In these
experiments, the external wave function (of the center of mass) of the
quantum system is neglected. This is no longer the case in atom cooling
experiments, where the recoil of the center of mass after each absorp-
tion/emission must be taken into account.

The above arguments are not sufficient to exclude all other inter-
pretations. For example, the dBB interpretation for the internal wave
function is the most plausible realistic and deterministic alternative. It
also remains in continuity with the interpretation of the external wave
function.

Remark 6 - The dBB interpretation of the internal wave func-
tion - Schrödinger’s interpretation, which we have defended, is based on
the existence of non-dispersive wave packets whose evolutions are deter-
ministic. The dBB interpretation also applies very well to non-dispersive
wave packets. Let us show it on the case of the coherent state of a har-
monic oscillator. From the equation (26) we derive that the velocity of
dBB is vh(x, t) = OSh(x,t)

m = v(t). For an initial position particle x0 + η,
where η is randomly drawn in a Gaussian of standard deviation σh, the
dBB trajectory is xη(t) = x(t) + η. When we tend ~ towards 0, xη(t)
also tends towards the classical trajectory x(t) and the dBB interpre-
tation is coherent to represent a single particle. The same is true for
Schrödinger’s generalized interpretation as Norsen et al. recently showed
[43] : for particles without spin, it is also possible in dBB’s pilot wave
theory to replace the wave function Ψ(x1,x2,x3, ....,xN , t) in the confi-
guration space by N wave functions Ψj(xj , t) in the 3D physical space.
These wave functions are the N conditional wave functions introduced
by Dürr, Goldstein and Zanghi [24]:

Ψj(xj , t) = Ψ(x1, x2, ..., xN , t)|xi=X̃i(t) for i6=j (29)

where X̃i(t) is the position of the particle i in Bohmian mechanics.
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5 Conclusion and outstanding issues

We proposed, in the pre-relativist context, a two-scale interpretation
inspired by Louis de Broglie’s double solution. Like him, “we had to
distinguish between two solutions that are distinct, but intimately related
to the wave equation”.

Our double solution corresponds to the synthesis of the two interpre-
tations considered in 1953 by Einstein [27], that of Louis de Broglie’s
pilot wave “pursed futher by Bohm with great perpicacity” and that of
Schrödinger’s “real description of an individual system”.

The principle of our two-scale solution is to consider the evolution
of a quantum system, such as an atom or a molecule, as the product of
two wave functions: an external wave function Ψext for the evolution of
its center of mass and an internal wave function Ψint for the evolution
of its internal variables in the center-of-mass frame of reference. The
exact mathematical decomposition is only possible in certain cases be-
cause of the many interactions between these two parts. These two wave
functions correspond to different scales and have different meanings and
interpretations.

The external wave function Ψext represents the macroscopic view of
the quantum system at the scale of the center of mass. Ψext “pilots” the
center of mass and the spin and corresponds to the de Broglie-Bohm
theory. Indeed, the position of the center of mass, xG, must be added
in order to correctly describe the system. However, xG is ignored by
the observer who only knows its statistical distribution, which verifies
the Born rule. Heisenberg’s inequalities quantify the ignorance that the
observer has of the precise position of the center of mass. If the positions
of the center of mass are not included in the model, then all particles
defined with the same Ψext are indistinguishable particles prepared in
the same way. The knowledge of xG for each particle makes it possible
to distinguish them. The dBB theory defines the underlying model that
explains the statistical side of the Born rule. The external wave function
spreads over time. The information on the external motion of the particle
is given by the couple (Ψext, xG).

The internal wave function Ψint represents the microscopic view of
the quantum system: Schrodinger’s interpretation seems to be the ob-
vious one. The modulus square represents a continuous density of stuff
as in the Poincaré electron model. The particle is not punctual but has
a spatial extension. Ψint does not spread out in time; its size is fixed
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and corresponds to the size usually given for the particle. It is much
smaller than the size of the external wave (which can grow indefinitely).
The Heisenberg inequalities are indetermination relations that can be
explained because the particle is extended. By construction, the center
of mass, xG, of Ψint is equal to zero. To each particle j = 1..N of an N -
body system is associated an individual internal wave function ψj such
that Ψint is the composition of all ψj .

The features of the two-scale interpretation is summarized in Table 1.
This two-scale solution gives a simple explanation of wave-corpuscle dua-
lity; the external wave drives the system whereas the internal wave repre-
sents the corpuscular part of the system. This decomposition also makes
it possible to see the relationships between quantum mechanics and ge-
neral relativity in terms of a new pardigm, gravitation only appearing
in the external wave function.

However, there are still many outstanding issues that we have not
addressed in this article. The most important seem to be:

— How can this interpretation be generalized to special relativity?
— How does one take into account photons and massless particles?
— How does one take into account the many cases where the internal

and external degrees of freedom are entangled?
— How does one take into account cases where quantum systems are

remote?
— How does one introduce creation and annihilation operators in

the two-scale solution?

Annexe A Case study 1: interference of the external wave of
the molecule C60

Young or Mach-Zehnder interferometry experiments are examples
where only the external wave function of a particle interferes with itself.
The internal structure is not necessary to understand the experiment
and is omitted in the calculations.

The figures 3 and 4 represent a simulation of Young’s slits experiment
with fullerene molecules C60 under the conditions of the experiment
conducted by Nairz, Arndt and Zeilinger [42]. The two slits are spa-
ced 100 nm (center to center), each with a width of 55 nm. The average
speed of the molecules is 200 m/s, which corresponds to a wavelength
of 2.8 pm. The standard of the external wave function is represented in
the blue figures: the lighter the blue, the higher the density.
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Table 1 – Summary of the two-scale interpretation

External wave function Ψext Internal wave function Ψint

General features

Global motion of the quantum system
(center of mass)

Internal motion/structure in the
center-of-mass reference frame (pro-
per frame).

Ψext can spread over time in space and
be divided into several parts. Its size
is that of the wave packet, it can grow
to infinity.

Ψint is a non-dispersive wave packet,
always remains confined in space. Its
size is fixed and corresponds to the size
usually given for the quantum object.

Ψext represents a set of indistingui-
shable quantum objects prepared in
the same way.
(Ψext, xG) represents the external
part of a single quantum object.

Ψint represents the internal part a
single quantum object.

Reference Frame
Ψext is defined in the laboratory refe-
rence frame.

Ψint is defined in the proper reference
frame.

Ψext pilots, xG, the center of mass. We
need to add xG to the model in order
to describe the system correctly.

The center of mass is stationary. We
have no location information.

Interpretation
dBB theory: (Ψext, xG) Schrödinger interpretation
dBB trajectories converge towards
Newton’s trajectories

Extended particle (non-punctual par-
ticle)

Approximation of quantum mechanics
Semi-classical approximation. Quasi-classical approximation.

Statistical interpretation of Born

Valid: |Ψext|2 represents the statistical
distribution of positions.

Non valid: |Ψint|2 represents a conti-
nuous density of matter like in Poin-
caré’s electron model.

Heisenberg’s inequalities
Uncertainty (removed by the dBB
theory) Indeterminism (extended particle)

Measurement - Experiments

Possibility to measure the position of
the center of mass

No direct measurement is possible
(requires measuring another external
wave function)

Interference, Stern and Gerlach, EPR-
B experiments, all experiments with
particle beams

Experiments with spectral lines (emis-
sion or absorption lines)
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In figure 3, the external wave function of a molecule of C60 is repre-
sented fifteen different times, from two millimeters before the slits (far
left) to 5 millimeters after the slits (far right). The red line corresponds
to the dBB trajectory of the center of mass of a molecule C60 whose
initial position (before the slits) was randomly drawn in the initial wave
packet 1.

The internal wave function of a molecule C60 that defines the internal
structure is schematically represented on the figure by a drawing of the
arbitrarily magnified molecule (×13) because its size is only 1 nm. The
internal wave function remains unchanged throughout the experiment,
its size remains 1 nm before and after the slits, and it does not interact
with the external wave function that it transforms deeply. This expe-
riment can be considered as crucial because it is difficult to imagine that
the internal wave function of a molecule C60 does not pass through only
one of the slits. It is its external wave function that passes through both
slits at the same time. When measuring the impact of the molecule C60

to 5 mm after the slits, it is the internal wave function that interacts
with the detection screen and produces the impact.

Figure 4 describes the same experiment, the density of the external
wave function is continuously represented from 2 mm before the slits to
5 mm after. 24 dBB trajectories of the center of mass of a molecule of
C60 are represented by a red line corresponding to 24 different starting
points of the center of mass.

This experiment clearly shows that the external wave function pilots
the internal wave function; they have very different spatial scales. The
external wave can propagate indefinitely and divide, while the internal
wave remains grouped and has a fixed size. We recall the point of view
of Dirac who, in 1930 writes [23]: “In quantum mechanics, particles are
connected to waves that direct them and give rise, under appropriate
conditions, to phenomena of interference and diffraction”, and he adds
that it is only a question of “one and the same reality”.

Thus, the external wave function corresponds, within the semi-
classical limit, to the evolution of the center of mass of quantum sys-
tems. In relation to the scale of de Broglie wavelength, we return to the
classical world.

1. Videos from this experiment are available here: vimeo.com/350139153 and
vimeo.com/350132498
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Figure 3 – Simulation of the evolution of the external (blue) and internal
(white, magnified 13 times) wave functions of a molecule of C60 under
the experimental conditions of [42] at fifteen different times every 2.5 µs
(i.e. every 0.5 mm). The slits are placed at 0 mm and are spaced 100 nm
and have a width of 55 nm.

Annexe B Case study 2: spin measurement by the external
wave for the Stern and Gerlach experiment

Let us study the practical case of the spin which is a property also
carried by the external wave function of the particle. Indeed, the measu-
rement of the spin of a particle is a measure of the position of its center
of mass. Let us consider the Stern and Gerlach experiment in measuring
the spin of a silver atom. These atoms have, at the exit of the source
E, a velocity v parallel to (Oy). They cross an electromagnet A1 before
condensing on a plate P1 (Fig. 5).

The magnetic moments of these silver atoms have been prepared in
a pure state (θ0, ϕ0) 2 at the initial instant t = 0 each atom can be

2. To prepare atoms all in the same state, the beam of atoms is first passed through
a Stern and Gerlach apparatus, and only one of the two outputs is kept, judiciously
oriented to obtain the desired pure state.
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Figure 4 – Simulation of 24 dBB trajectories of C60 under the experi-
mental conditions of [42] corresponding to 24 different starting points of
the center of mass of a C60.

described by the Gaussian spinor in x and z:

Ψ0(x, z, θ0, ϕ0) = (2πσ2
0)−

1
2 e
− (z2+x2)

4σ2
0

(
cos θ02 e

i
ϕ0
2

i sin θ0
2 e
−iϕ0

2

)
(30)

with r = (x, z). The variable y is processed in the classic way with
y = vt. For the silver atom [10], we havem = 1.8×10−25 kg, v = 500 m/s,
σ0=10−4m. In the (30), θ0 and ϕ0 are the angles polarities characterizing
the initial orientation of the vector representing the magnetic moment,
θ0 corresponds to the angle with (Oz). Here, we have a pure state and
all silver atoms have the same orientation of the magnetic moment.

Most quantum mechanics textbooks do not take into account the

spatial extension f(r) = (2πσ2
0)−

1
2 e
− (z2+x2)

4σ2
0 of the spinor (30) and simply

take the wave function in Hilbert’s space of dimension 2 generated by
|0〉 =

(
1
0

)
and |1〉 =

(
0
1

)
:

|ψ0〉 = cos
θ0

2
ei
ϕ0
2 |0〉+ i sin

θ0

2
e−i

ϕ0
2 |1〉 (31)
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Figure 5 – Diagram of the Stern and Gerlach experiment: a stream
of silver atoms, prepared in a pure state (ϕ0, θ0) and coming from the
enclosure E passes through an inhomogeneous magnetic field (magnet
A1), then separates into two distinct beams resulting on the plate P1 in
two distinct spots of intensity N+ and N−.

By only retaining the wave function (31) with orientation (θ0, ϕ0) for the
quantum system, part of the spinor (30) is lost, and only the statistical
character is kept. The spatial extension of the spinor (30) takes into
account (x0, z0), the initial position of the center of mass of the particle
(external variable) and makes the system quantum’s evolution (wave
function + position) deterministic.

The initial spinor (30) is actually only the external wave function
of the silver atom. The internal wave function of the silver atom is not
useful to describe the experiment. However, the spin of the silver atom
seems to be only an internal degree of freedom since it comes from the
addition of all the spin moments of its internal electrons. Atoms with an
odd number of electrons, such as the silver atom, which has 47 electrons,
have a half spin. Each pair of electrons has a total spin of zero. It is thus
the 1

2 -spin of the 47th electron that gives the atom its 1
2 -spin . The spin

is therefore an internal property but it also has an external modeling via
the definition of the spinor. It is this external property that interests us
in the experiment of Stern and Gerlach; Obviously the modification of
the external model (spinor) has consequences on the internal model, but
we do not take this aspect into account. The size of the internal wave
function is about twice that of the atomic radius of the silver atom, or
about 30 nm. while the initial size of the external wave function, i.e. the
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width of the initial wave packet, is 3×σ0 = 3×105 nm, which is 4 orders
of magnitude larger than the internal one.

The evolution of spinor Ψ =
(
ψ+

ψ−

)
in a magnetic field B =

(Bx, By, Bz) is then given by the Pauli equation [10]:

i~

(
∂ψ+

∂t
∂ψ−
∂t

)
= − ~2

2m
∆

(
ψ+

ψ−

)
+ µBBσ

(
ψ+

ψ−

)
(32)

where µB = e~
2me

is Bohr’s magneton, σ = (σx, σy, σz) and corresponds
to Pauli’s three matrices and whereBσ corresponds to theBxσx+Byσy+
Bzσz.

Silver atoms pass throught an electromagnetic fieldB oriented mainly
along the (Oz) axis, Bx = B′0x; By = 0; Bz = B0 − B′0z, with B0 = 5
Tesla, B′0 =

∣∣∂B
∂z

∣∣ = −
∣∣∂B
∂x

∣∣ = 103 Tesla/m over a length ∆l = 1 cm.
Upon exiting the magnetic field, the particles are free up to the plate P1

placed at a distance D = 20 cm. The particle passes the time ∆t = ∆l
v =

2× 10−5s in the magnetic field. Upon exiting this field, we show [2, 22,
30, 33] that at the moment t + ∆t (t ≥ 0), the external spinor is equal
to:

Ψ(xG, zG, t+ ∆t)=

(
R+e

i
S+
~

R−e
i
S−
~

)
(33)

'

 cos θ02 (2πσ2
0)−

1
2 e
− (zG−z∆−ut)

2+x2
G

4σ2
0 ei

muzG+~ϕ+
~

i sin θ0
2 (2πσ2

0)−
1
2 e
− (zG+z∆+ut)2+x2

G
4σ2

0 ei
−muzG+~ϕ−

~


with:

z∆ =
µBB

′
0(∆t)2

2m
= 10−5m, u =

µBB
′
0(∆t)

m
= 1m/s. (34)

In the de Broglie-Bohm interpretation, the external spinor will define
the trajectory XG(t) = (xG(t), zG(t)) of the silver atom’s center of mass
from its initial position XG(0) = (xG(0), zG(0) by the formula [5, 49]:

dXG(t)

dt
=

~
2mρ

Im(Ψ†∇Ψ)|x=XG(t) (35)



External and internal wave functions 119

where Ψ† = (Ψ+∗,Ψ−∗) and ρ = Ψ†Ψ. Bohm et al. [5] define a spin
vector field s as:

s(x, t) =
~
2ρ

Ψ†(x, t)σΨ(x, t) =
~
2

(sinθ sinϕ, sinθ cosϕ, cosθ). (36)

The spin vector of an individual particle is evaluated along its trajectory
as follows: s = s(XG(t), t). This spin vector is totally defined by the
spinor and the position of the particle’s center of mass.

Figure 6 represents ρ(zG, t) =
∫

Ψ†(xG, zG, t)Ψ(xG, zG, t)dxG, the
probability density of presence of the silver atom for the values θ0 = π/3
and φ0 = 0. The axis (Oy), of the jet propagation, is on the abscissa (y =
vyt) and the axis (Oz) on the ordinate (the variable x is not represented
because the wave remains Gaussian along this axis). The magnet A1 is
represented on the figure by the two white rectangles, it is ∆l = 1cm long
and there is D = 20cm of free travel before the atom measurement on
the P1 detection screen. A trajectory is also represented in figure 6 with
its spin s(XG(t), t) along this trajectory. If the position of the particle’s
center of mass is located at the top of the wave packet, as shown in
the figure, then the particle will be measured in spin UP; if the initial
position is lower, it will be measured DOWN.

Figure 6 – The arrows indicate the θ orientation of the spin vector s
(initially θ0 = π/3) along the path. The position of the particle exists
before the measurement; the particle then follows a deterministic trajec-
tory and the impact on the screen only reveals its position.
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The space (x, z) and spin (θ, ϕ) variables are independent in the
initial external spinor Ψ0 of Eq. (30). Indeed, Ψ0 is factorized as the
product of a (x, z)-dependent function and a (θ, ϕ)-dependent function.
After passing through the inhomogeneous magnetic field, the variables
of space and spin are entangled, cf. Eq. (33). Indeed, it is no longer pos-
sible to factorize Ψ as the product of a (x, z)-dependent function and a
(θ, ϕ)-dependent function. The Stern and Gerlach experiment is not the
measure of spin projection along the (Oz) axis, but the straightening of
the spin orientation either in the direction of the magnetic field gradient
or in the opposite direction. The result depends on the initial position of
the particle’s center of mass in the external wave function. It is a simple
explanation of the non-contextuality of measuring spin along different
axes. The duration of the measurement is the time required for the par-
ticle to straighten its spin in the final direction. The value “measured”
(the spin) is not a pre-existing value like the mass and charge of the par-
ticle but a contextual value in accordance with the Kochen and Specker
theorem [37].

The spin variables θ and ϕ are external degrees of freedom of the atom
related to the external wave function, like the spatial variables x and z.
The modification of the external spin variables obviously comes from an
unknown underlying model involving the interaction of the photons of
the inhomogeneous magnetic field with the spin of the 47th electron of
the silver atom. The functioning of this sub-model concerns the level of
the internal wave function.

Annexe C Case study 3: simulation of the particles involved
in the EPR-B experiment

The EPR-B experiment corresponds to two Stern and Gerlach mea-
surements of two particles entangled by their spin but very distant from
each other. All measurements are made, as we have seen in Appendices A
and B, through the position of the center of mass of the quantum system
which is driven by the external wave function.

For the EPR-B experiment, we have 3 external wave functions: an
external wave function for each of the two particles A and B (ΨA for
particle A and ΨB for particle B), and an external wave function cor-
responding to the entanglement of the two particles, ΨEPRB . The Pauli
equation enables to define the evolution in time of this entangled wave
function. In this way, several dBB approaches [35, 4] have already cal-
culated the evaluation of the entangled wave function, ΨEPRB , from the
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initial singlet wave function:

ΨEPRB
0 (xAG,x

B
G) =

1√
2
f(xAG)f(xBG)(|+A〉|−B〉 − |−A〉|+B〉) (37)

where xAG and xBG are the centers of gravity of the particles A and B and

where f(x) = (2πσ2
0)−

1
2 e
− x2

4σ2
0 . As in Stern and Gerlach’s experiment

(Appendix B), the initial function of the singlet wave must have a spatial
extension in order to solve Pauli’s equation.

Our difference with the usual Bohmian approach is that we assume
that the two other external functions corresponding to particles A and
B also exist, particularly at the initial instant. To take into account the
fact that they are entangled by the (external) spin, we apply Pauli’s
principle and obtain for the total external wave function, the singlet
state. Indeed, we assume that at the moment of the creation of the two
entangled particles A and B, each of the particles has an initial wave
function ΨA

0 (xAG, θ
A
0 , ϕ

A
0 ) and ΨB

0 (xBG, θ
B
0 , ϕ

B
0 ) of type (30) with opposite

spins: θB0 = π − θA0 , ϕB0 = ϕA0 − π. If then we apply the Pauli principle,
which stipulates that the entangled two-body must be antisymmetric,
this yields:

ΨEPRB0 (xAG,θA,ϕA,x
B
G,θB ,ϕB)= ΨA0 (xAG,θA,ϕA)ΨB0 (xBG,θB ,ϕB)

−ΨA0 (xBG,θB ,ϕB)ΨB0 (xAG,θA,ϕA) (38)
=−eiϕAf(xAG)f(xBG)(|+A〉|−B〉−|−A〉|++B〉)

which is the singlet state with spatial extension (37).
Then we measure the spin of the two particles one after the other.

We show mathematically [33] that the first measured particle, particle
A, behaves in the first Stern-Gerlach apparatus in the same way as if it
were not entangled.

During the measure of A, the density of the particle B also evolves
as if it were not entangled. These two properties can be experimentally
tested as soon as the EPR-B experiment with atoms is feasible. During
themeasure of A, the spin of the particle B straightens up to always be in
opposition to the spin of the particle A [33]. So there is an instantaneous
action at a distance between the spins of A and B that always keeps them
opposite. The second measure is a Stern-Gerlach measure with specific
orientations. We then find perfectly the results of quantum mechanics
and the violation of Bell’s inequalities. Our approach differs from the
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usual Bohmian approaches [35, 4] because in their modeling, the spin of
each of the two particles A and B is initially zero and it is only after
passing through the magnetic field that each of the spins increases from
zero to its final value (with an opposite value). In our approach, each
particle always has a 1/2-spin value and the two spin vectors are always
opposite. Everything happens as if the total external wave function is
replaced by two external wave functions (one for each particle) and an
action-at-a-distance on the spins that always keeps them in opposite
directions:

Pauli eq. with Ψ0
EPRB ⇐⇒


Pauli eq. with Ψ0

A

Pauli eq. with Ψ0
B

Action-at-a-distance on spins:
θB = π − θA, ϕB = ϕA − π

As with the Stern and Gerlach experiment, the external spinor of
the entangled state, which uses only the resolution of Pauli’s equation
on the external variables of the two particles yields, for the EPR-B,
the same statistical results as the usual quantum mechanics. Quantum
particles have a local position like a conventional particle, but also have
a non-local behaviour due to the entangled external wave function.

In our article “Replacing the Singlet Spinor of the EPR-B Experiment
in the Configuration Space with two Single-particle Spinors in Physical
Space” [33] we show precisely how these three external spinors interfere,
the singlet spinor with spatial extension which verifies the Pauli equa-
tion and the spinors of the two particles entangled with their spatial
extensions.
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